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hich 3-dimensional convex poly-

hedra, all of whose faces are tri-
angles, can be made with isosceles
triangle faces? In an earlier research col-
umn (this column is essentially
self-contained but you might want to
look at the earlier column in Consortium
116), I raised the question of whether it
might be true that all possible (finite)
triangulations in the plane with at least
four vertices (see Figure 1 for examples)
might be “realizable” as 3-dimensional
bounded convex polyhedra with faces
that were all isosceles triangles, an isos-
celes triangle being one with two sides
of one length and one side of another
length. Here I don’t allow a triangle de-
scribed as isosceles to be equilateral, a
triangle where all three of its edges
have the same length. In the earlier col-
umn I mentioned the issue of trying to
better understand which triangulations
could be realized as polyhedra with all
faces congruent isosceles triangles. I
knew of several infinite classes of such
congruent isosceles triangle polyhedra,
and I knew examples of triangulations
where it was not possible to realize the
triangulation with a convex polyhedron
having isosceles triangle faces that were
congruent to one another. Below, when
I use the term polyhedron I am refer-
ring to a convex bounded polyhedron
in 3-dimensional space where all of the
faces of the polyhedron are convex
polygons. I am not thinking about a
polyhedron gotten, say, by pasting two
congruent cubes along a face and
counting the vertices of the faces where

the pasting occurs as “vertices”. Thus,
two 1x1x 1 cubes pasted in such a way
would be the polyhedron of the same
combinatorial type as the cube, having
8 vertices, 6 faces and 12 edges, with

edges of length 1 or 2, and is the
“solid” we would think ofasa1x1x2
box. Below, the polyhedra I have in
mind are the convex hull of their

“extreme points.”

(b)

Figure 1: Two approaches to coding the many ways to 2-color the edges of an
octahedron from a combinatorial perspective, here showing three inequivalent
colorings. (a)uses an alphabetic system of coding r for red and b for blue, and (b)
uses colors on the edges. Each of these three “cases” can be investigated to see if
metrical polyhedra corresponding to these colorings exist, and for what range of
the lengths corresponding to the red and blue edges one can make a polyhedron.



4

Student Research Corner

CONSORTIUM 121 Fall/Winter

In an exciting development David Epp-
stein (Computer Science, University of
California Irvine) has shown that my
conjecture is FALSE, and in addition
shown there to be a fourth infinite class
of congruent isosceles triangle poly-
hedra. The examples Eppstein produced
that cannot be made with isosceles triangles
are based on constructing in an iterated
manner pyramids on all the faces of the tri-
angulation associated with the regular
octahedron. Thus, he uses the notion of
a Kleetope, named for Victor Klee, of
erecting pyramids on all of the faces of
a convex polyhedron to get a new
polyhedron. His paper is quite technical
but even beginners can enjoy the dia-
grams and some of his “general remarks.”

This note carries on in the tradition that
when one mathematical question is an-
swered it is often the case that new and
interesting questions emerge. This col-
umn will try to recast questions about
realizing triangulations in the plane
with triangles that have “structure”
rather than triangles with no con-
straints on their shape in light of what
David Eppstein discovered. While Epp-
stein showed that there are infinitely
many combinatorial types of polyhedra
that can’t be realized in 3-space with all
of its triangles isosceles, the question
still remains what if anything can be
said about what kinds of triangulations
can be realized with all of its faces
isosceles for some number of different
edge lengths. Thus, for any triangula-
tion T one can define iso(T) = minimum
number of edge lengths (colors) that
make it possible to realize T as an
isosceles triangle polyhedron and if this
cannot be done, as we now know can
happen, to set iso(T) = . For interesting
families F of triangulations what can be
said about the value of iso(T) for
members of the family F?

Let us recall some important tools for
studying the properties of 3-dimen-
sional convex polyhedra. Every planar
graph (one that can be drawn in the
plane so edges meet only at vertices)
that is a 3-connected graph (at least
three paths between any pair of distinct
vertices u and v that have only u and v
in common) can be realized by some 3-
dimensional convex polyhedron. This
result is known as Steinitz’s Theorem
(as reformulated in graph theory lan-
guage by Branko Griinbaum and Theo-
dore Motzkin). Any connected graph
(one piece) drawn (embedded) in the
plane so edges only meet at vertices sat-
isfies Euler’s Formula for connected
plane graphs: V (vertices) + F (faces)
— E (edges) = 2. Using this relation and
the fact that for a triangulation of the
plane 3F = 2E, if v; denotes the number
of i-valent (vertices with i edges at the
vertex) then the valences (degrees) obey:

i=m

By 42V, + V5 =12+ ;(i—é)vi (*)

Motivated by trying to find finite collec-
tions of polyhedra with interesting
properties (historically, these were the
Platonic Solids, the Archimedean Poly-
hedra, and the regular-faced Johnson
Solids, (named for the late Norman
Johnson)), it is perhaps natural to look
at what polyhedra exist whose faces are
all triangles but have triangles of only
two-edge lengths, and what valences
might such polyhedra have.

Triangle-faced polyhedra with
2-edge lengths

Given a plane triangulation we can look
at the combinatorial problem of ways to
“label” (color) the edges with up to two
labels (b for blue and r for red) obeying
certain rules. When we try to construct
a 3-dimensional polyhedron based on

this coloring, we will think of an edge
labeled r as being an edge of length r
and the b edges of the coloring as being
a different edge length b. For example,
we can try to label a plane triangulation
so that:

a. Every triangle gets labeled with two
b edges and one r edge.

Comment: We can think of this as a
combinatorially congruent isosceles tri-
angle coloring because each triangle has
two edges of one type and one edge of

the other type.

b. Each triangle gets labeled with two b
edges and one r edge or two r edges
and one b edge, in such a way that
there are equal numbers of the b, b, r
and b, r, r triang]les.

Comment. I refer to the polyhedra that
can be realized from these types of col-
oring as mate polyhedra. When the two
types of triangles appear equally often
this is a particularly interesting case.

c. The triangles of the triangulation are
labeled with b and 7 in such a manner
that the number of b, b, b triangles, 7,
7, r triangles, b, b, r triangles, and b, r,
r triangles are equal.

Comment: The triangles in this case are
either combinatorially isosceles or equi-
lateral.

Are colorings of types (a), (b) and (c)
possible? It is not difficult to see that if
such colorings exist for (b) (with equal
numbers of b, b, r and b, 7, r triangles)
and (c), then the numbers of b and r
edges must be equal and the number of
faces of the polyhedron must be divisi-
ble by 4.

Suppose we have chosen two lengths r
and b with the property that 2r > b and
2b > r (which guarantees that there will
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be isosceles triangles with two r edges
and one b edge and with two b edges
and one r edge — there are interesting
issues for the ideas below when this as-
sumption is dropped). I will consider
some combinatorial questions related to
labeling the edges of graphs drawn in
the plane so that all the regions are tri-
angles. Figure 2 is the graph of the reg-
ular octahedron labeled with 6 r’s and
6 b’s. Note that we can think of the tri-
angles as labeled in Figure 2 as being
two equilateral triangles with edge
lengths b, two equilateral triangles with
edge lengths r, two isosceles triangles
of type b, b, r and two isosceles triangles
of typeb, b, r.

Figure 2: An edge coloring of the graph
of the regular octahedron with 2 colors,
where each of the 4 possible types of
faces appear twice. Note the two trian-
gles that are combinatorially red equi-
lateral triangles share a vertex but not
an edge, while in Figure 1(a) the two
combinatorially red equilateral trian-
gles share an edge but not a vertex.

The fact that we have drawn the “com-
binatorial” picture shown does not
mean that there is a way of constructing
in 3-space an 8-faced convex polyhe-
dron of this combinatorial type that
metrically meets these conditions. Ho-
wever, for the combinatorial colorings
in Figure 1(a) and Figure 2 such a met-
rical realization exists. Note that these
two colorings may not be the only way

to label the graph of the octahedron so
that all four kinds of triangles with
types of edges are present in equal
numbers. One way of trying to see if
two colorings of the regular octahedron
are “equivalent” is to look at the cyclic
pattern of edges around the 6 vertices
involved. Using exponential notation,
the 6 vertices have these patterns in Fig-
ure 2: b*, b’r, two copies of b*?, br?, and
r*. For more practice with these ideas
consider Figure 3, which shows a way
to label the 12 edges of a regular octahe-
dron so there are four b, b, r and four b,
r, v triangles. The pattern of edges at the
vertices is: b’r, two copies of b%?, two
copies of (br)?, and br’. Also remember
there is another plane triangulation
with 8 faces which is not isomorphic
(same structure) too the graph of the
regular octahedron that is used for
illustration purposes here.

Figure 3: The graph of the regular
octahedron with its edges two-colored
so that there are equal numbers of 1,1, b
and 1, b, b isosceles triangles. In this
case there exists a polyhedron of this
combinatorial type with two different
edge lengths that realize this coloring
geometrically.

Why a Column
Encouraging
Student Research?

There are many reasons mathematics is
taught so extensively in grades K-12.
These include the transmission of a body
of knowledge in mathematics that was
built up, literally, over thousands of
years with contributions from all cul-
tures (e.g. China, India, Arabia, Greece);
the importance of mathematics in the
workplace; the growing role that math-
ematics has for insight into so many
areas of knowledge outside of math-
ematics — biology, economics, business, etc.

Current curriculum, pays so much time
devoted to mathematical tools developed
long in the past that students don’t realize
how much elementary mathematics is
being discovered regularly. Mathematical
methods improve and theorems stay theo-
rems which creates a tension for the K-12
mathematics we should teach. One way to
stretch student conceptions of math-
ematics is to show them examples of
quick-starting questions that they can
work on to have the sense of satisfaction
in discovering new things for themselves
and that are at the same time perhaps also
new knowledge.

The items in this column will be drawn
from graph theory, combinatorics, and
other subjects which are not widely repre-
sented in the current K-12 curriculum but
which illustrate that simple-to-state prob-
lems can serve to encourage students to
try their hand at discovering new things
and asking new questions about math-
ematical ideas. In some cases, it is not that
nothing at all is known about the ques-
tions being posed but “references” to what
is known are minimized so students will
try new things that perhaps “experts”
have overlooked. Since not all of the ter-
minology used may be part of common
knowledge, background know-ledge is
available via a glossary:

https://www.york.cuny.edu/~malk/Glo
ssary.html

Have fun and let us know if you make
progress on any of these questions by
sending an email with Student Research
in the subject line to: info@comap.com
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Questions for practice, fun and
research

Can you find other colorings of the
graph of the regular octahedron that are
inequivalent to the two shown in Figure
1(a) and Figure 2 and that yield two tri-
angles with each of the 4 possible types
with 2 colors of edges. If you can, can
you realize this coloring in 3-space?

Let TTEL (triangulations with two-edge
lengths) denote the collection of trian-
gulations of the plane labeled with at
most two labels (colors).

Let PTTEL denote the collection of
polyhedra that realize TTEL triangula-
tions in the sense that the edge lengths
chosen for the colors make it possible to
create a convex bounded polyhedron
with at most two edge lengths.

Let E,.., Eppps Liyp, and Iy, represent
the number of equilateral triangles
which have three red edges, the
number of equilateral triangles which
have three blue edges, the number of
isosceles triangles with two red edges
and one blue edge and the number of
isosceles triangles with one red edge
and two blue edges. Note, that these
counts can refer to the triangles in the
combinatorial setting of a plane graph
or the geometric context of polyhedra
with only triangular faces.

Investigations

General question:

Explore the relation between the PTTEL
polyhedra and the TTEL triangulations.
The valences of the triangulations and
polyhedra obey ().

More specifically, explore the collection
of triangulations with Hamilton circuits
(simple circuit through all of the ver-
tices) with regard to realizing them with
two different edge lengths; thus, when
realized by polyhedra they will have
faces that are isosceles or equilateral.

Three interesting infinite classes of tri-
angulations because they have vertices
of only two different valences are those
where:

a.v3 =4, vg = any even positive integer
other than 2

b. v4 = 6, vg = any positive integer other
than 1

c. vg = 12, vg = any positive integer
other than 1 (Sometimes called the
dual fullerenes.)

Note that these three classes are related
to the dual graphs (polyhedra) of the
regular tetrahedron, regular hexahedron
(cube) and regular dodecahedron.

Study the PTTEL realizations of color-
ings of graphs in these families.

Comment: If you want to consider more
specialized questions about realizing
polyhedra with 2 edge lengths, two
good examples to work with would
involve making drawings or making
physical models of:

a. The graph of the regular octahedron
(Iooked at above), 6 vertices, 8 faces,
12 edges

b. The graph of the regular icosahe-
dron, 12 vertices, 20 faces, 30 edges.

From your experiments does it surprise
you that there are so many “inequiv-
alent” ways to two-color the edges of a
regular octahedron? Inequivalence
means that no isometry of the regular
octahedron (or symmetry of the graph
involved) will take one coloring to the
other. While coloring all edges of an
octahedron red and all edges of an
octahedron blue are considered differ-
ent from this point of view, the two
octahedra will be “equivalent” under a
change of color. Based on a calculation
of Roger Alperin, there are 144 different
2-colorings of the regular octahedron,
30 of them having 6 colors each. There

are 76 colorings that are distinct under
switches of colors. In our viewpoint this
allows one to consider many inequiv-
alent ways to contemplate the PTTEL
polyhedra derived from the regular
octahedron.

I hope you will find these questions
intriguing to think about! Happy
researching!
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