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ARRANGEMENTS OF CURVES

JOSEPH MALKEVITCH

eometry has dramatically

evolved from metrical

work (measuring lengths,
angles, areas and perimeters)
involving polygons and curves
(circles and ellipses) that was
initiated in many cultures but is
often associated with the names
Euclid, Archimedes, and Pappus.
More attention has been given by
geometers in recent times to
combinatorial ideas. Though in
many ways there is less overhead
in working with the point and line
diagrams known as graphs (see
Figure Ia) than using the axiomatic
approaches one sees in Euclid,
combinatorial ideas entered
mathematics much more recently.
The problems discussed below
involve 3-dimensional bounded
convex (no holes, notches, tunnels)
polyhedra, but grow out of a
graph theory (dots and lines) point
of view).

(1a)

(1b)

Figure 1a (A graph (dots and lines
diagram) consisting of 3 curves where there
are 4 edges at every vertex of the graph and
the number of edges in each curve is 4.
Figure 1b (A more complex arrangement
of 3 curves, each curve consisting of 8
edges, one of which is highlighted.

Euler’s famous traversability theorem
says that starting at any vertex s, a dots
and lines diagram in one piece (a
connected graph) can have its edges
traversed once and only once, and
return to the start vertex s, when any
vertex of the graph v has an even
number of edges at v (each vertex is
even-valent (even degree)). Edge tours
of this kind are known as Euler circuits.
Ideas related to Euler circuits help
design more efficient garbage collec-
tion, snow removal and pothole
inspection routes.

You can verify that the graphs in
Figure 1 can be traversed in this way

—@—

starting and ending at any vertex v.
Note, however, what is striking about
the two graphs in Figure 1 is that they
can be thought of as a collection of
curves (3 curves for Figure 1a and 3
curves for Figure 1b) which, when they
meet (intersect), it is in some even
number of points. (Studying curves
that “kiss,” i.e. touch in a single point,
is also intriguing but is not discussed
here.) In Figure 1b there are 3 curves
(one highlighted) and all of the vertices
in the graph have exactly 4 edges at a
vertex, that is, the graph is 4-valent.
Since this diagram can be drawn in the
plane so that all edges only meet at
vertices, it is also an example of a plane
graph. Euler’s traversability theorem
applies to graphs that can’t be drawn
in the plane, but in this discussion all of
the graphs that interest us are plane
4-valent graphs. In fact, for the most
part we will also be interested in plane
4-valent graphs, where for any pair of
vertices u and v, there are at least three
different paths from u to v that have
only u and v in common — the so
called 3-connected graphs. This will
mean that there are in fact convex
3-dimensional polyhedra with graphs
isomorphic (same structure) as the
graphs we draw in this article. This
connection between graph theory and
the theory of convex polyhedra is the
combined work of Ernst Steinitz (1871-
1928), Branko Griinbaum (1929-2018),
and Theodore Motzkin (1908-1970).

Plane graphs not only have edges and
vertices but faces, regions for which we
can count the number of sides,
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including one special “unbounded”
region that is called the infinite face.
Traditionally, for plane graphs the
number of regions with i sides is
denoted by p,. Thus, in Figure la you

can verify that we have p, = 8, in Figure
1b we have p, = 12 and p, = 2, while in
Figure 2 we have p, = 8 and p, = 3.

These numbers are known as the face
vector of the plane graph.

When one looks for an Euler circuit
starting along a particular initial edge
in a plane graph, when one comes to a
vertex there are three different edges to
which one might move next — left,
middle, and right. Sometimes, always
picking the middle edge leads to an
Euler circuit, and in this case the graph
is said to be cut-through Eulerian.
Figure 2 shows an example of a graph
that admits a cut-through Euler circuit.
Thus, though this diagram is drawn
with straight-line edges, it can be
conceived of as the projection of a knot,
where the under-over information at
the crossings of the strands of the
projected knot onto a flat plane is
disregarded.

Figure 2. A 4-valent plane graph that has
a cut-through Euler circuit and can be
thought of as the projection of a knot.

There are various nifty equations one
can write down with relationships
between numbers that are associated
with a plane graph.

1. Vertices (1 V1), faces (1 Fl) and
edges (IEIl) of a plane graph
consisting of one piece satisfy the
amazing formula developed by
Leonhard Euler:

[VI+IFI-1El =2

(You should check that this
equation holds for the graphs in
Figures 1,2, and 3.)

2. For any 4-valent plane graph where
m denotes the number of sides of its
largest face we have:

k=m
A =8+2(k—4)pk
k=4

Three things are noteworthy here. One
is that the coefficient of the p, term is

0. Second, for any such graph there
must always be at least 8 faces with 3
sides — triangles. Finally, while any
plane 4-valent graph has face sizes
that satisfy this
equation, if one has
non-negative integers
that satisfy  this
equation there is no
guarantee that there is a
plane graph which has
these faces sizes! There
is a theorem that says
that given a face vector
of a 4-valent graph that
does not involve p,, one

can choose some value
for p, that, when taken
together with the faces
of the other sizes,
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graph all of whose faces have a
number of sides that is a multiple of 3
(3-gons, 6-gons, 9-gons, etc.), which I
will refer to as multi-3-gon graphs,
can never be the projection of a knot
because for such a graph its cut-
through paths generate simple closed
curves in the manner of Figure la-b
(which are examples of multi-3-gon

graphs).

If you look at Figure 3 you will see a
rather unsymmetrical graph that is 4-
valent where the cut-through curves are
all simple circuits and where all of the
faces are multi-3-gons. The cut-through
paths in Figure 3 can be thought of as
an “arrangement” of curves. You may
wish to determine the face vector for
this graph so as to verify that all its
faces have a multiple of three as a
number of sides for each face. Also,
what are the lengths of the different
curves that make up this graph?

allows for the existence
of a plane 3-connected
graph with this face
vector (including 4-gon).

It has been noted that
one can regard Figure 2
as a projection of a knot.
There is a theorem that
says that a 4-valent

—@—

Figure 3. A plane 4-valent graph all of whose faces have a
number of sides that is a multiple of 3 (the unbounded face
is a 12-gon) and which can be thought of as being made of a
collection of curves.
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It is natural to try to find ways of
locally transforming the graph of an
arrangement of curves that change the
number of sides of the faces of the
graph considered as a plane graph but
do not change the reality that the new
graph still has cut-through curves.
Figure 4 shows a local transformation
due to Dalyoung Jeong, and the result
of applying this transformation to the
graph in Figure 1a would create a
graph that still has 4 curves but where
the face vector has two more six-sided
faces. Note Figure 4 shows three cut-
through paths, which you can check
are preserved in the altered diagram,
and where faces F2 and F5 have had
the number of their sides increased by
3 by the “transformation.” This means
that if we started with a multi-3-gon,
after the transformation the result is
still a multi-3-gon and the number of
cut-through curves we started with
has not changed. Furthermore, three
cut-through curves have had their
lengths increased by 4.

The “numerical attributes” of the
curves that make up a plane graph
that decomposes into simple circuits is
the topic that interests us. We have
seen already a collection of parameters
associated with a plane 4-valent graph

(perhaps 3-connected, perhaps not).
Such graphs can break up into curves
with cut-through paths, can’t have
kissing curves, but can have curves
that are “nested” within each other
without meeting, that don’t meet, or
meet with some even number of
intersection points. Let p denote the
number of parallel curves, and n
denote the number of nested curves
and let i,, denote the number of

curves that intersect in k points for k =
0,1,2,..t

One can code the pattern of curve
lengths in a plane 3-valent graph
consisting of cut-through curves as
follows:

a") means there are r curves of length
a. In this notation, curves in Figure 1
obey 3% and 3(®),

In general the problems below try to
understand the relations that can exist
for general collections of curves,
special collections of curves, and the
numerical parameters associated with
the 4-valent plane graph that
represents the curves. If the number of
edges in an arrangement of curves (4-
valent plane graph) is |E|l, what
partitions (non-negative integers that
sum to | E|) are possible?

F1 Fo Fq Fp
@
—> Fe F3
Fe F3
* Fs5 Fyq
Fs F4

Figure 4. A way to preserve the structure of cut-through curves and increase the

number of sides of two faces by 3 sides each.

Questions (Some of these questions
have been addressed in the research
literature but I think even those that
already have known
represent interesting entry questions
to research on this circle of ideas.

answers

Figure 5. A graph that is the cut-through
union of 4 curves, two of length 6 that
intersect each other and two of length 4
that are nested one inside the other. This
would be denoted 24, 2(6) For this
example n = 2 nested curves.

1. For what values of 4 and r are there
arrangements of curves whose
graphs are al”) arrangements? In
particular, for arrangements of
curves whose faces are all multi-3-
gons what, values of a and r are
possible? (In words, the 4-valent
graph consists of r cut-through
curves, all of length 4.)

2. Are there other transformations
similar to that in Figure 4 that
preserve the cut-through nature of
curves in a plane 4-valent graph but
change the face sizes of the graph so
as to preserve that a graph be a
multi-3-gon or some other property
of the face vector?

3. Is it possible for the lengths of all
the curves in a multi-3-gon (plane 4-
valent graph)) arrangement to all
have different lengths?

4.1f the number of edges in an
arrangement of curves (4-valent
plane graph) is | E |, what partitions
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(non-negative integers that sum to
El) are possible? (Figure 5 shows
that for 20 edges, the partition 4, 4,
6, 6 is possible. Can anything
special be said for when |E| is the
number of edges of a multi-3-gon
arrangement of curves? Differences
for plane graphs that are and are
not 3-connected?

. A condition on the face vector of a
4-valent graph that it can be written
as the union of simple closed curves
is that the face vector consists only
of terms where the faces have a
multiple of 3 sides. Are there other
sufficient conditions on a face
vector so that plane 4-valent graphs
realizing this face-vector break up
into cut-through curves?

. Suppose one has an arrangement of
curves (no kisses). Represent each
curve by a vertex and join two
vertices representing two curves by
k edges if the two curves intersect in
2k points. What graphs (technically
multi-graphs because some vertices
may be joined by more than one
edge) can arise in this way?

Note: If the curves don’t meet they
are not joined by an edge. If they
meet in 4 points they will be joined
by 2 edges. It is already an
interesting question to just look at
what is called the intersection graph
of the plane graph of the curves.
Use one vertex for each curve and
join two vertices by an edge if the
two curves intersect in some even
number of points.

. (Very general) For a plane 4-valent
graph that can be thought of as a
collection of cut-through curves, we
have called attention to the numbers
VI, IEI, |FIl, face-vectors,
number of cut-through curves, the
number of parallel curves, and the
number of “nested” curves, number

of curves that intersect in 2k points.
Explore the numerical relations that
can occur between the numbers
involved, in particular for multi-3-
gon graphs. Does working with
plane 4-valent graphs that are
connected but not 3-connected give
one significantly different results
from the 3-connected case (which
allows one to construct convex
polyhedra with these parameters?)

Have fun with these problems and let
me know about progress that you make!
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Why a Column
Encouraging
Student Research?

There are many reasons mathematics is
taught so extensively in grades K-12.
These include the transmission of a
body of knowledge in mathematics that
was built up, literally, over thousands of
years with contributions from all
cultures (e.g. China, India, Arabia,
Greece); the importance of mathematics
in the workplace; the growing role that
mathematics has for insight into so
many areas of knowledge outside of
mathematics — biology, economics,
business, etc.

Current curriculum, pays so much time
devoted to mathematical tools developed
long in the past that students don’t realize
how much elementary mathematics is
being discovered regularly. Mathematical
methods improve and theorems stay
theorems which creates a tension for the
K-12 mathematics we should teach. One
way to stretch student conceptions of
mathematics is to show them examples of
quick-starting questions that they can
work on to have the sense of satisfaction
in discovering new things for themselves
and that are at the same time perhaps also
new knowledge.

The items in this column will be drawn
from graph theory, combinatorics, and
other subjects which are not widely
represented in the current K-12
curriculum but which illustrate that
simple-to-state problems can serve to
encourage students to try their hand at
discovering new things and asking new
questions about mathematical ideas. In
some cases, it is not that nothing at all is
known about the questions being posed
but “references” to what is known are
minimized so students will try new things
that perhaps “experts” have overlooked.
Since not all of the terminology used may
be part of common knowledge,
background know-ledge is available via a

glossary:

https:/ /www.york.cuny.edu/~malk /Gl
ossary.html

Have fun and let us know if you make
progress on any of these questions by
sending an email with Student Research
in the subject line to: info@comap.com




