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The study of convex (no
holes or notches) 3-
dimensional polyhedra

whose faces are isosceles
triangles (two sides of one
length, the third side of a
different length) provides many
new research problems suitable
for high school and under-
graduate students. These
questions have their roots in
mathematics whose investigation
began over 2000 years ago!
Before mentioning some specific
research questions, let me put
the questions in an historical
context.
#$%&'() '* +', !"#$#%&') -./0'(1, 2
-.//3 4+24 4+1.1 2.1 3'01 %/*015
.16$&2.7 8,/914'91, %2&&1( :&24/*'%;
,/&'(,< = %/*015 -/&>+1(./* ',
%2&&1( (#)*"+( '3 2&&7 /3 '4, 32%1, 2.1
%/*6.$1*4 .16$&2. -/&>6/*, 82&&
,'(1, 4+1 ,291 &1*64+? 2&&7 2*6&1,
+201 1@$2& 912,$.1;) 2*( 2&& 4+1
,/&'( 2*6&1, 24 12%+ 01.415 2.1
%/*6.$1*4 4/ 12%+ /4+1.< A+1 ,/&'(,
'*0/&01( 2.1 4+1 .16$&2.
414.2+1(./*)7+152+1(./* 8%$B1;)
/%42+1(./*) (/(1%2+1(./*) 2*(
'%/,2+1(./*< A+1 *$9B1.7/3 32%1, /3
4+1,1 ,/&'(, ', .1,-1%4'01&>) C) D) ")
E!) 2*( !F< =.%+'91(1, 8%< !"G H %<
!E! IJ; 61*1.2&'K1( 4+', */424'/* 4/
.1@$'.1 4+24 2&& /3 4+1 01.4'%1, B1

L2&'M1N B$4 2&&/O1( 4+1 32%1, 4/ B1
.16$&2. -/&>6/*, O'4+ ('331.1*4
*$9B1., /37,'(1,< A+1 92*$,%.'-4 '*
O+'%+ +1 ('( +', O/.M ', */O &/,4)
B$4 O1 2.1 2O2.17 /3 +', O/.M
B1%2$,1 4+1 924+1924'%'2* :2--$,
8%< !PF H %< QRF; (1,%.'B1,7O+24
=.%+'91(1, (',%/01.1(< :2--$,
(1,%.'B1, EQ ,/&'(, '* (142'&<
S/O101.)7 4O/ '*3'*'41 %&2,,1, /3
,/&'(, 4+24 9114 4+1 (13'*'4'/* 4+24
+1 6'01, 6/7 $*91*4'/*1(<
T$.4+1.9/.1) O'4+ +'*(,'6+4 O1
M*/O 4+24 4+1.1 2.1 EC ,/&'(,
8=.%+'91(1,) :2--$, 2*( U1-&1.
9',,1( 4+1 .+/9B%$B/%42+1(./*
O'4+ /*17 %2- ./4241(; O'4+ .16$&2.
-/&>6/*2& 32%1, 2*( 4+1 ,291 &/%2&
-2441.* /3 32%1,72./$*( 12%+ 01.415<
A+1 9/(1.* 2--./2%+ 4/ 4+1
=.%+'91(12* ,/&'(,) O+'%+7 .1@$'.1,
4+24 4+1 ,>9914.> 6./$- /3 12%+
,/&'( B1 2B&1 4/ 9/01 2*> 01.415 4/
2*> /4+1.) .14$.*, 4+1 %/$*4 4/ 4+1
$,$2& EQV W/914'91, 4+1
=.%+'91(12*7,/&'(, 2.1 %2&&1( '#$,-
(#)*"+(< A+1 L($2&,N /3 4+1,1 ,/&'(,
832%1, 2&& 2&'M1?701.4'%1, %2* ('331.;
O1.1 */4 ,4$('1( $*4'& J242&2*X,
O/.M /3 E"DR<

Y* EPDD) Z/.92* [< \/+*,/*
-$B&',+1( O+24 +1 B1&'101( 4/ B1 2
%/9-&141 &',47 /3 Q]('91*,'/*2&
-/&>+1(.2) 2&& /3 O+/,1 32%1, 2.1
.16$&2. -/&>6/*,< A+', &',47 '*%&$(1,
4+1 R .16$&2. ,/&'(,) 4+1 EQ
=.%+'91(12* ,/&'(,) 4+1 -.',9, 2*(
2*4']7-.',9, 84O/ '*3'*'41 329'&'1,;

2*( 152%4&> P! 2(('4'/*2& ,/&'(, 3/.
O+'%+7 \/+*,/* -./0'(1( *291, '*
4+1 ,-'.'4 /3 4+1 *291, 3/. 4+1
=.%+'91(12*7,/&'(, 4+24 O1.1 6'01*
B> U1-&1.< S/O101.) \/+*,/* ('(
*/4 -./0'(1 2 -.//374+24 +', &',4 O2,
%/9-&141< A+', 2%%/9-&',+91*4 O2,
92(1 B> 4+1 ^$,,'2*7924+1924'%'2*
_'M4/. =B.29/0'4%+ `2&62&&1. '*
EPDP<

#9B1((1( '* O+24 \/+*,/* ('( ', 2
%/$*4 4+24 O2, (/*1 '*(1-1*(1*4&>
/37 4+/,1 %/*015 -/&>+1(.2 O+/,1
32%1, 2.1 1@$'&241.2& 4.'2*6&1,<
W$.-.','*6&>) 4+17'(12 /3 %/$*4'*6 2&&
'*1@$'02&1*4 %/*015 -/&>+1(.2
O+/,1 32%1, 2.1 1@$'&241.2&74.'2*6&1,
', .1&24'01&> .1%1*4< Y4 4$.*, /$4 4+1.1
2.1 152%4&> " /3 4+1,1 ,/&'(,)
,/914'91 %2&&1( 4+1 %/*015
(1&42+1(.2< A+1> +201 C) D) ") EF) E!)
EC) ED) 2*(7!F 32%1,< =, 2 O2.9]$-
>/$ 92> O2*4 4/ ,11 '3 >/$ %2*
(141.9'*1 2&& /3 4+1,17-/&>+1(.2<

Y O'&& 3/.9$&241 4+1 @$1,4'/*, B1&/O
'* 6.2-+ 4+1/.> 41.9, ] $,'*6
('26.29,7(.2O* '* 4+1 -&2*1 4+24
%/*,',4 /3 (/4, 801.4'%1,; 2*(
,4.2'6+4 &'*1 ,1691*4,7 81(61,;
O+1.1 2&& /3 4+1 1(61, 9114 /*&> 24
01.4'%1,< Y O'&& B1 '*41.1,41( '*
L%/9B'*24/.'2&N 2, O1&& 2, 914.'%2&
8(',42*%1; @$1,4'/*,<7 T'6$.1 E
,+/O, 27 4.'2*6$&24'/* /3 4+1 -&2*1
O+1.1 2&& 4+1 .16'/*,) '*%&$('*6 4+1
$*B/$*(1(7 .16'/*) 2.1 4.'2*6&1,< Y
O'&& 2,,$91 4+1 4.'2*6$&24'/*, +201
24 &12,4 C 01.4'%1,<
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General Questions

Question 1 
[+'%+ 4.'2*6$&24'/*, /3 4+1 -&2*1 %2*
B1 .12&'K1( B> %/*0157-/&>+1(.2 ,/
4+24 2&& /3 4+1 32%1, 2.1 8,4.'%4&>;
',/,%1&1, 4.'2*6&1,a 8A+24 ',)7/*1 +2, 2
%/*015 -/&>+1(./* O+/,1 1(61]
01.415 6.2-+ +2, 4+1 ,2917 ,4.$%4$.1
8', ',/9/.-+'%; 4/ 4+1 6.2-+ /*1
,42.4, O'4+<;

Question 2
[+'%+ 4.'2*6$&24'/*, /3 4+1 -&2*1 %2*
B1 .12&'K1( B> %/*0157-/&>+1(.2 O'4+
%/*6.$1*4 8,4.'%4&>; ',/,%1&1,
4.'2*6&1,a

Question 3
Y3 /*1 +2, 4O/ 1(61 &1*64+, ! 2*( "
8*/4 1@$2&;) O+'%+7 4.'2*6$&24'/*, /3
4+1 -&2*1 %2* B1 .12&'K1( B> %/*015
-/&>+1(.2 O+1.1 4+1.17 2.1 1@$2&
*$9B1., /3 8,4.'%4&>; ',/,%1&1,
4.'2*6&1, /3 4>-1 !) !) " 2*( ") ") !a

T/. 2 B1441. $*(1.,42*('*6 /3 4+1
',,$1, 4+1 3/&&/O'*6 (',%$,,'/*, O'&&
-./0'(1 2 .'%+1. %/*4154< b'01* 2
4.'2*6$&24'/* ,$%+ 2, 4+24 '* T'6$.1 E
O1 %2*74.> 2,,'6*'*6 L%/&/.,N 4/ 4+1
('331.1*4 1(61, '* 4+1 6.2-+ 2, 2
O2> /3 %/('*67 4+1 &1*64+, /3 4+1
1(61, /3 4+1 4.'2*6&1, '* 4+1

-/&>+1(./* 4+24 L.12&'K1,N 4+176.2-+
'* Q],-2%1< Y* 4+', 4>-1 /3 1(61
%/&/.'*6 Y (/ */4 .1@$'.1 4+24 1(61,
4+2479114 24 2 01.415 614 ('331.1*4
%/&/.,) O+'%+ ', 4+1 L4.2('4'/*2&N
O2> 4+24 1(617 %/&/.'*6, /3 6.2-+,
2.1 (13'*1(< T/. 9> -2.4'%$&2. 6/2& Y
+201 %+2*61( 4+17L4.2('4'/*2&N .$&1,
/3 2,,'6*'*6 %/&/., 4/ 4+1 1(61,<
[+1* 2 %/&/.'*6 +2, B11*72,,'6*1(
,/ 4+24 2&& 4+1 4.'2*6&1, 2.1 !) !) ") Y
O'&& %2&& '4 2 JYA %/&/.'*6 3/. 2
%/9B'*24/.'2&&> 8%/*6.$1*4; ',/,%1&1,
4.'2*6&1 %/&/.'*6< Y4 ', M*/O*) 2*(
>/$79'6+4 &'M1 4/ 4.> 4/ (19/*,4.241
3/. >/$.,1&3) 4+24 2 JYA %/&/.'*6
15',4, 3/.72*> 4.'2*6$&24'/*< [+1* 2
%/&/.'*6 +2, B11* 2,,'6*1( ,/ 4+24
4+1.1 2.1 1@$2&7*$9B1., /3 !) !) " 2*(
!) ") ") 4.'2*6&1,) Y O'&& %2&& 4+', 2 JYc)
2 %/9B'*24/.'2&&>7 ',/,%1&1, L9241N
%/&/.'*6 O+1.1 4+1 *$9B1. /3 9241
4.'2*6&1,) !) !) " 2*( !) ")7" ', 1@$2&<

!"#$%&'*) 412" #*&(+,-)(#&.+" &+"=&,-*2" 8
'.).*2/"0&#1" #0." '.).*5" #." *2%*252+#
/&::2*2+#"2/,2")2+,#153">$"-5&+,"<"(+/"*"(5
#12" '.).*5;" (+/"1(7&+," 2('1" #*&(+,)2" ,2#
#0." <)('?" 2/,25" (+/" .+2" *2/" 2/,2;" &:"02
'(+" *2()&@2" #1&5" '.).*&+," &+"AB 5%('2"0&#1
#0." 2/,2" )2+,#15" (5" &+/&'(#2/;" ())" .:" #12
&5.5'2)25" #*&(+,)25"0.-)/" <2" '.+,*-2+#" #.
2('1".#12*3

A+1 2%4$2& %/&/., O1 $,1 (/1, */4
92441.< T'6$.1 Q ,+/O, 2 JYc
%/&/.'*6 /37 4+1 .16$&2. /%42+1(./*
O'4+ " 8.1(; 2*( ! 8B&$1; 1(61,< Z/41
4+24 3/. 2 JYc7%/&/.'*6 4/ 15',4) 4+1
4/42& *$9B1. /3 1(61, /3 4+1

4.'2*6$&24'/*79$,47B17101*7B1%2$,1
B>7L,>9914.>N7,'*%17!)7!)7" 2*(7!)7")7"
4.'2*6&1, 2.1 $,1( '* 1@$2&7*$9B1.,)
O1 *11( 4/ +201 2* 101* *$9B1. /3
1(61, '* 4+1 4.'2*6$&24'/*< A+',7(/1,
*/4 +2--1* 3/. 2&& 4.'2*6$&24'/*,< =
*1%1,,2.> %/*('4'/* 3/. 4+1715',41*%1
/3 2 JYc ', 4+24 4+1 *$9B1. /3 32%1,
84.'2*6&1,; '* 4+1 4.'2*6$&24'/*7 ',
('0','B&1 B> C< Y4 ', M*/O*) 2*( >/$
9'6+4 &'M1 4/ 4.> 4/ (19/*,4.241 3/.
>/$.,1&3) 4+24 2 JYc %/&/.'*6 15',4,
3/. 2*> 4.'2*6$&24'/*<

!"#$%&' +) !" #*&(+,-)(#&.+" 012*2
'.C<&+(#.*&())$" #12*2" (*2" :.-*" *;" *;" <
#*&(+,)25"(+/":.-*"<;"<;"*"#*&(+,)253"41&5"&5
("DEF"'.).*&+,3

J2* >/$ 3'*( /4+1. JYA %/&/.'*6, 3/.
4+1 6.2-+ '* T'6$.1 Ca 8A+'*M 2B/$4
4+17 '(12 /3 4+1 912*'*6 4+24 JYA
%/&/.'*6, 2.1 L('331.1*4<N J2* >/$
3'*( JYc7%/&/.'*6, /3 4+1 6.2-+ '*
T'6$.1 Ca 8=62'*) O+24 O/$&( 92M1
JYc %/&/.'*6,7('331.1*4a Y*41.%+2*6]
'*6 4+1 ./&1, /3 4+1 4O/ %/&/.,a;

[+'&1 4+1.1 2.1 92*> O2>, 4/ %/&/.
4+1 ('26.29 '* T'6$.1 C ,/ 4+24 12%+
32%17+2, 4O/ 1(61, %/&/.1( B&2%M
2*( /*1 1(61 %/&/.1( .1() '4 4$.*,
/$4 4/ B17 '9-/,,'B&1 4/ .12&'K1 4+',
%/9B'*24/.'2& 4>-1 O'4+ 2&&
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#$%&'()*+,-&./01(
2&'+"03&40)$5)*+0(&3+0/1%)+46)

7$3'80&")9086/&%
:$"-)7$,,&;&)<7=>:?

#+3+/1+@)>&A):$"-)BBCDB
3+,-&./01(EF$"-G184FG&68

%/*6.$1*4 ',/,%1&1,7 4.'2*6&1,< Y4 ',
*/4 M*/O* '3 4+1.1 ', 2 O2> 4/
%/*,4.$%4 %/*015 -/&>+1(.2 4+24
.12&'K1 2*> /3 4+1 9241 %/&/.'*6, 3/.
4+', -2.4'%$&2. 6.2-+< S/O101.) '4 ',
M*/O* 4+24 4+1.1 2.1 4+.11 '*3'*'41
329'&'1, /3 %/*015 -/&>+1(.2 O'4+
%/*6.$1*4 ',/,%1&1, 4.'2*6&1 32%1,<
AO/ 2.1 12,> 4/ 3'*( 2*( 4+1 4+'.(
&1,,7 ,/< J2* >/$ (1,%.'B1 4+1,1
4+.11 '*3'*'41 329'&'1,a

Question 4 
d4+1. 4+2* 4+1 4+.11 M*/O* '*3'*'41
329'&'1, /3 %/*6.$1*47 ',/,%1&1,
4.'2*6&1 %/*015 -/&>+1(.2) 2.1 4+1.1
/4+1. '*3'*'41 329'&'1,a

Question 5 
T'*( 9241 %/&/.'*6, /37 4+1
4.'2*6$&24'/*7 '*7T'6$.1 C<7=.17 4+1.1
2*>7%/*0157Q]('91*,'/*2&7-/&>]
+1(.27O+'%+7 .12&'K172*>7/37 4+1,1
%/&/.'*6,7 ,/7 4+247 2&&7 4+17 *;" *;" <
4.'2*6&1,72.17 %/*6.$1*472*(72&&7 4+17
<;" <;" * 4.'2*6&1,7 2.17 %/*6.$1*4a

!"#$%&',) !" #*&(+,-)(#&.+"0&#1"8G" :('25
5-'1"#1(#"+."DE4"'.).*&+,".:"#12"2/,25"'(+
<2" *2()&@2/" &+"AB5%('2"0&#1" '.+,*-2+#
&5.5'2)25"#*&(+,)253
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Question 6
Y3 '4 ', 4.$1 4+24 101.> %/9B'*24/.'2&
4>-1 /3 4.'2*6$&24'/* O'4+ 247 &12,4 C
01.4'%1, %2* .12&'K1( O'4+ ',/,%1&1,
4.'2*6&1,) ', 4+1.1 ,/91 ,92&&7*$9B1.
/3 1(61 &1*64+, 4+24 4+', %2* B1 (/*1
O'4+a

Comment:
:.1,$92B&> '4 ', 12,'1. 4/ 92M1
',/,%1&1, 4.'2*6&1 .12&'K24'/*, /3
-&2*174.'2*6$&24'/*, O'4+ 9/.1 .24+1.
4+2* 31O1. 1(61 &1*64+,<

Question 7
Y3 2 4.'2*6$&24'/* +2, H 32%1,) O+24 ',
4+1 &2.61,4 *$9B1. /37('331.1*4 1(61
&1*64+, O'4+ O+'%+ O1 %2* %/&/. 4+1
1(61, /3 '4, 6.2-+ ,/ 4+247 2&& 4+1
4.'2*6&1, 2.1 ',/,%1&1, %/&/.1(a

d*1 %2* 2&,/ ,4$(> B/4+ %/&/.'*6, /3
4.'2*6$&24'/*, O+1.1 /*1 $,1, /*&>
4O/7 1(61 &1*64+, ! 2*( " B$4
4.'2*6&1, %2* B1 %/&/.1( !) !) !? ") ") "?
!) !) "? !) ") ")72, O1&& 2, 4+1 .12&'K24'/*
/3 4+1,1 %/&/.'*6, B> %/*015
-/&>+1(.2< =&9/,47*/4+'*6 ', M*/O*
2B/$4 4+', 329'&> /3 -/&>+1(.2<
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